
Genetic
EpidemiologyRESEARCH ARTICLE

Semiparametric Tests for Identifying Differentially
Methylated Loci With Case–Control Designs Using
Illumina Arrays

Yong Chen,1∗ Yang Ning,2 Chuan Hong,1 and Shuang Wang3

1Division of Biostatistics, School of Public Health, The University of Texas, Houston, Texas, United States of America; 2Department of Statistics
and Actuarial Science, University of Waterloo, Ontario, Canada; 3Department of Biostatistics, Mailman School of Public Health, Columbia
University, New York City, New York, United States of America

Received 14 June 2013; Revised 13 September 2013; accepted revised manuscript 17 October 2013.
Published online 3 December 2013 in Wiley Online Library (wileyonlinelibrary.com). DOI 10.1002/gepi.21774

ABSTRACT: DNA methylation plays an important role in the development of many types of cancer. Identifying differentially
methylated loci between cancer and normal patients is one of the central tasks to understand the contributions of the
methylation process on cancer development. Through investigation of the methylation measurements generated by the
Illumina methylation arrays, we notice that the methylation measurements of the cancer and normal groups could differ not
only in means but also in variances. Therefore, we propose a generalized exponential tilt model to capture the differences
in both means and variances between the cancer and normal groups. We derive the semiparametric tests to obtain model
robustness. Through simulation studies, we demonstrate the feasibility of the proposed tests and a much improved power of
the proposed tests than that of the t-test and the regression-based tests when the cancer and normal groups are different in
variances only or in both means and variances. Hence the proposed tests can serve as useful complements to the standard
tests that only test differences in means. We also illustrate the proposed methods by applying to a real methylation data from
a recent study on ovarian cancer where the proposed methods identified additional methylation loci that were missed by the
existing method.
Genet Epidemiol 38:42–50, 2014. C© 2013 Wiley Periodicals, Inc.
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Introduction

The importance of DNA methylation changes on cancer de-
velopment is now well understood. Many research efforts
have been devoted to identifying differentially methylated
loci between cancer and normal patients to search for po-
tential contributions of the methylation process on cancer
development [Kalari and Pfeifer, 2010; Kerkel et al., 2010;
Shen et al., 2013; Slater et al., 2013]. Among several existing
high-throughput platforms, the Illumina Infinium methyla-
tion arrays have been commonly used to generate genome-
wide DNA methylation data. Illumina arrays are based on
genotyping bisulfite(BS)-converted DNA, where unmethy-
lated cytosines are converted to uracils and methylated
cytosines are protected and remain cytosine. The methyla-
tion level of a CpG site, which is called a β-value, is cal-
culated as the average of approximately 30 replicates (with
approximately 30 beads per site per sample) of the quantity
max(M, 0)/(max(U, 0) + max(M, 0) + 100). Here U (or M)
is the fluorescent signal from an unmethylated (or methy-
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lated) allele on a single bead. A maximum between signal
intensity and 0 is chosen to compensate for negative signals
due to background subtraction. The constant 100 is to regu-
larize β-values when both M and U values are small [Bibikova
et al., 2006]. This β-values range continuously from 0 (un-
methylated) to 1 (completely methylated). Existing methods
to select differentially methylated loci such as the t-test or
the regression-based methods or the method we developed
[Wang, 2011] that considers three different components rely
on some distributional assumptions that may not be true and
mainly focus on testing difference in means between cancer
and normal groups. Several recently developed nonparamet-
ric tests although are free of distributional assumptions, still
test for differences in mean ranks [Chen et al., 2013; Huang
et al., 2013]. More recently, several studies and our own
group have found that there are differences in methylation
variations in different groups [Gervin et al., 2011; Hansen
et al., 2011]. Such difference in variations cannot be detected
by the existing methods including the method we recently
developed.

To account for the potential limitations of the existing
methods, we propose to use the parsimonious two-sample
generalized exponential tilt model with two parameters [An-
derson, 1979; Qin, 1998]. The motivation of the generalized
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two-parameter exponential tilt model is its ability to detect
the differences in both means and variances between two
groups. The exponential tilt model assumes that the log den-
sity ratio of the distributions of the methylation measures
of the cancer and normal samples is a linear function of
the methylation values. Compared to a particular parametric
model, an attractive feature of the exponential tilt model is
that the distributions are modeled nonparametrically except
for a parametric “exponential tilt” that is used to relate one
distribution to the other. This is an important property for
modeling DNA methylation data because methylation val-
ues at different loci may have different distributions [Wang,
2011].

Under the generalized exponential tilt model, testing for
the difference between two distributions is equivalent to test-
ing for the two corresponding parameters being zeros. The
standard inference procedure for these parameters is based
on the empirical likelihood function [Owen, 2001], which
eliminates the reference distribution (i.e. the density func-
tion of methylation values in the normal group) by a profil-
ing procedure [Anderson, 1972; Fokianos, 2008; Qin, 1998].
However, our simulation studies suggested an inflated Type I
error with such empirical likelihood-based method for stud-
ies with small sample sizes. Although a permutation method
is able to correctly adjust for the Type I errors in such sit-
uations, it is usually computationally prohibitive in practice
for high-throughput data where thousands of loci are consid-
ered. Therefore, we propose a class of pseudolikelihood-based
tests where the reference distribution is eliminated by the
conditioning technique so that the impact of the unknown
reference distribution is minimized [Kalbfleisch and Sprott,
1970]. Such pseudolikelihood-based tests are shown to have
better controlled Type I errors than the empirical likelihood-
based test for small sample size cases. Both the empirical
likelihood-based test and the proposed pseudolikelihood-
based tests are substantially more powerful than the t-test
and the regression-based test when the cancer and normal
samples are different in variances only or in both means and
variances, but are marginally less powerful than the t-test
when the two groups are different in means only but not in
variances. Therefore, the proposed method serves as a use-
ful complement to the current methods. We also applied the
proposed methods to the United Kingdom Ovarian Cancer
Population Study (UKOPS) data where the proposed meth-
ods identified additional methylation loci that were missed
by the existing method.

Method

Model Setting

For k = 1, 2, . . . , K , at the kth DNA methylation marker,
denote uk1, . . . , ukmk as the methylation β-values of mk in-
dependent subjects in the normal group, and vk1, . . . , vknk as
that of nk independent subjects in the cancer group where K
is the total number of markers. Denote f k(·) and g k(·) as the
distributions of uki and vkj , respectively. We consider the fol-

lowing parsimonious semiparametric model. Specifically, at
the kth marker, the distributions of the methylation β-values
in the normal and cancer groups, f k(·) and g k(·), are assumed
to be related in the following form

g k(x)

f k(x)
= exp {αk + βk1h1(x) + βk2h2(x)} , (1)

where the marker specific density function f k(·) describes
the distribution of methylation values in the normal group,
referred to as the reference distribution, h1(·) and h2(·)
are prespecified functions (e.g., h1(x) = x and h2(x) = x2,
or h1(x) = log(x), and h2(x) = log(1 – x) depending on the
distribution of the DNA methylation measures), βk1 and
βk2 are unknown parameters characterizing the differ-
ences between the two distributions f k(·) and g k(·) that
have different interpretations under specific distributional
models (more details later in this subsection), and αk =

– log
[∫

exp {βk1h1(x) + βk2h2(x)} f k(x)dx
]

is a normalizing
constant for the density function g k(x). For notation sim-
plicity, we hereafter suppress the index k. We note that unlike
any particular parametric model, model (1) allows an un-
specified marker specific density function f k(·), which is an
important feature to model methylation data due to hetero-
geneous distributions across loci.

Model (1) is known as the exponential tilt model and has
been considered by many researchers [Anderson, 1972, 1979;
Fokianos, 2008; Qin, 1998; Tan, 2009]. Popular parametric
models such as normal, gamma, log normal distributions,
and a mixture of normal distributions for continuous vari-
ables and binomial, poisson, and negative binomial distribu-
tions for discrete variables are special cases of the exponential
tilt model. For methylation measures, two parametric models
are often used, the Beta model and the Normal model with
unequal variances.

Model 1 (Beta model). To account for the fact that the
methylation values are proportions between 0 and 1, a beta
distribution is often used [Kuan et al., 2010; Laurila et al.,
2011]. Let f (·) and g(·) be the density functions of two beta
distributions with shape parameters (a1, b1) and (a2, b2),
respectively. Some calculations yield

log{g(x)/f (x)} = log
B(a1, b1)

B(a2, b2)

+ (a2 – a1) log x + (b2 – b1) log(1 – x),

where B(·, ·) is the beta function. Thus, the beta distribution
belongs to the exponential tilt model (1) with h1(x) = log x,
h2(x) = log(1 – x), β1 = a2 – a1 and β2 = b2 – b1. Testing for
equivalence between two beta distributions is equivalent to
testing for β1 = β2 = 0.

Model 2 (Normal model with unequal variance). A common
practice with DNA methylation β-values is to take the logit
transformation on β-values and then model the transformed
data as normally distributed [Chowdhury et al., 2010; Du
et al., 2010]. Let f (·) and g(·) be the density functions of two
normal distributions with means and variances (μ1, σ

2
1) and
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Thus, the normal distribution belongs to the exponential tilt
model (1) with h1(x) = x, h2(x) = x2, β1 = μ2/σ

2
2 – μ1/σ

2
1,

and β2 = 1/σ2
1 – 1/σ2

2. Testing for equivalence between two
normal distributions is equivalent to testing for β1 = β2 = 0.

The exponential tilt model (1) provides a flexible alter-
native to detecting differentially methylated loci without
being limited to any particular parametric model. At each
marker, under the exponential tilt model assumption, test-
ing for differential methylation is equivalent to testing for
H0 : β1 = β2 = 0. We note that H0 is testing for any differ-
ence between the two distributions f (·) and g(·) for the
normal and cancer groups, whereas the conventional t-test
or regression-based models focus on the difference in means.

Proposed Tests

To test the null hypothesis of H0 : β1 = β2 = 0, the empirical
likelihood can be used. As derived by Qin and Zhang [1997]
and Fokianos [2008], the empirical log likelihood [Owen,
2001] can be calculated as

log L e(α, β1, β2)

= –

m∑
i=1

log

[
1 +

ρ

1 – ρ
exp {α + β1h1(ui) + β2h2(ui)}

]

–

n∑
j =1

log

[
1 +

ρ

1 – ρ
exp

{
α + β1h1(vj ) + β2h2(vj )

}]

+

m∑
i=1

{α + β1h1(ui) + β2h2(vi)} ,

where ρ = m/N and N = n + m. Denote β = (β1, β2)T , α0 = 0,
β0 = (0, 0)T and the maximum empirical likelihood esti-
mator by (α̃, β̃) = (α̃, β̃1 ,̃β2) = argmax log L e(α, β1, β2). The
empirical likelihood ratio test (ELRT) for H0 can be con-
structed as

ELRT = –2
{

log L e(α0,β0) – log L e(α̃, β̃)
}
,

whose asymptotic distribution has been shown to be a χ2
2

distribution by Tan [2009].
For the proposed pseudolikelihood-based tests, the nov-

elty is the elimination of the reference distribution f (·) by
a conditioning technique, thus the impact of the unknown
reference distribution is minimized [Kalbfleisch and Sprott,
1970]. This is an important feature for maintaining correct
Type I errors, especially at low nominal levels. Consider the
ith observation ui from the normal group and the j th obser-
vation vj from the cancer group. The conditional density of
(ui, vj ) given their order statistics (t(1), t(2)) can be calculated

as

Pr(ui, vj |t(1), t(2)) =
f (ui)g(vj )

f (ui)g(vj ) + f (vj )g(ui)

=
{

1 + R(ui, vj ; β1, β2)
}–1

,

where R(ui, vj ; β1, β2) = exp[β1 { h1 (ui) – h1 (vj ) } + β2

{h2(ui) – h2(vj )}] and the derivation of such conditional den-
sity is described in the supplementary material. Note that
both the reference distribution f (·) and the parameter α are
eliminated by conditioning on the order statistic (t(1), t(2)).

By multiplying all the possible pairwise conditional densi-
ties, we then construct the pseudolikelihood of the methyla-
tion values at this marker for all samples

L p (β1, β2) =

⎡
⎣ m∏

i=1

n∏
j =1

{
1 + R(ui, vj ; β1, β2)

}–1

⎤
⎦

2/N

.

Note that the product of conditional densities is raised to the
power of 2/N to form the pseudolikelihood. As we show in
the supplementary material, such modification is necessary
so that the conventional pseudolikelihood ratio test has a
simple χ2

2 distribution. It is also worth mentioning that the
pseudolikelihood L p (β1, β2) is not a true likelihood function
because the conditional densities are multiplied together as if
they are independent. In fact, the proposed pairwise pseudo-
likelihood is a type of composite likelihood where (weighted)
marginal or conditional densities are multiplied together to
form the composite likelihood [Besag, 1974; Cox and Reid,
2004; Lindsay, 1988; Varin et al., 2011]. For more discussion
on the composite likelihood methods, please see the excellent
review paper by Varin et al. [2011] and the references therein.

Denote the log pseudolikelihood function as log L p (β), the
pseudo score function as S(β), and the maximum pseudo-
likelihood estimator as β̂ = (β̂1, β̂2) = argmax log L p (β1, β2).
We can construct the Wald, score and pseudolikelihood ratio
tests as follows:

TW = β̂T
{

v̂ar(β̂)
}–1

β̂,

TS = S(β0)T [v̂ar {S(β0); H0}]–1 S(β0),

TL = –2
{

log L p (β0) – log L p (β̂)
}

,

where v̂ar(β̂) is a consistent variance estimator of β̂ and
v̂ar {S(β0); H0} is a consistent variance estimator of the
pseudo score function S(β0) under H0.

For the limited space, we only describe the pseudolikeli-
hood ratio test TL and leave the detailed construction of Wald
TW and pseudo score test TS in the supplementary material.
The asymptotic distribution of TL is generally a weighted
sum of χ2

1 distributions which requires the calculations of the
information matrix to obtain estimates of the weights [Chen
and Liang, 2010; Liang and Self, 1996]. However, the asymp-
totic distribution of the pseudolikelihood ratio test takes a
simple distribution under H0 as described by the following
theorem.

Theorem 1 Under H0, the pseudolikelihood ratio test TL

converges to χ2
2.
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An outline of proof is described in the supplementary ma-
terial. The simple asymptotic distribution in theorem 1 avoids
the calculation of the weights and greatly simplifies the com-
putation of P -values.

Asymptotic Power and Design Consideration

The power of different tests in finite samples will be inves-
tigated in Simulation Study section. Here we provide a useful
result on the asymptotic power of TW, TS , and TL under a
sequence of local alternatives, which provides some insights
in maximizing the statistical power on experimental design.
Specifically, consider a sequence of alternatives:

Ha : f (·) = f 0(·), β = N–1/2τ0,

where τ0 is a vector of constant. Note that under Ha, we do
not explicitly specify the local alternative for α, because α is a
function of β and f 0(·). With LeCam’s third lemma [Van der
Vaart, 2000], we can establish the following results.

Theorem 2 Under the alternatives Ha, the limiting dis-
tributions of TW, TS , and TL are χ2

2((1 – ρ)ρβτT
0 �Uβτ0),

where �U is a 2 × 2 covariance matrix calculated as
cov (h1(Ui), h2(Ui))T .

A sketch of the proof is given in the supplementary ma-
terial. Theorem 2 implies that TW, TS and TL have the same
asymptotic power under Ha and the power increases as β fur-
ther departs from (0, 0)T . More importantly, given the total
number of subjects N, the asymptotic power is maximized
when the design is balanced (i.e., ρ = 0.5 or m = n).

Simulation Study

We conducted simulation studies to evaluate the finite sam-
ple performance of the proposed tests and compared to that
of the existing tests. The following six tests were considered:
the Wald, score and likelihood ratio tests based on the pseu-
dolikelihood (TW, TS , and TL , respectively), the empirical
likelihood ratio test (ELRT), the Wald test based on the logis-
tic regression of cancer status on methylation level (Logistic),
and the t-test. We note that the exponential tilt model can
be represented as a logistic regression of cancer status on
h1(x) and h2(x) (e.g., h1(x) = x and h2(x) = x2), where x is
the methylation measure [Qin, 1998]. In this case, testing H0

that a specific locus is not associated with the cancer status is
equivalent to testing coefficients of h1(x) and h2(x) being 0.
Note that this is different from the conventional regression-
based test when only the coefficient of h1(x) is tested. We
considered a relatively large sample case with 100 normal
and 100 cancer samples, a moderate sample case with 50
normal and 50 cancer samples, and a relatively small sample
case with 20 normal and 20 cancer samples. Three paramet-
ric models were considered to generate the methylation data,
namely, the beta distribution (model 1), the normal distribu-
tion (model 2) and the mixture of two normal distributions
(model 3).

The model parameters were carefully chosen based on a
real methylation dataset. Specifically, we randomly sampled
500 markers from the 22,951 markers of the United King-
dom Ovarian Cancer Population Study (UKOPS) data, and
then calculated the means and standard deviations (sds) of
the methylation values at all markers. The median of the 500
means is close to 0.80, and the median of the 500 sds is close
to 0.04. Therefore, the shape parameters of the beta distribu-
tion in the normal group (model 1) were set at a1 = 100 and
b1 = 25 such that the corresponding mean and sd are 0.80 and
0.04, respectively. Similarly, the mean and variance of the nor-
mal distribution in the normal group (model 2) were set at
μ1 = –1, and σ2

1 = 0.5 based on the logit-transformed methy-
lation values of the 500 randomly sampled markers from the
UKOPS data. The parameters of the mixture of two normal
distributions (model 3), πN(μ11, σ

2
11) + (1 – π)N(μ12, σ

2
12),

were set at (π,μ11, σ
2
11, μ12, σ

2
12) = (0.6, –3, 0.5, 2, 0.5). We

denote the standardized difference between the normal and
cancer samples as 
 = (μ2 – μ1)/sd1 where μ1 and μ2 are the
means of the normal and cancer samples, and sd1 is the sd of
the normal samples. We also denote the ratio of sds for cancer
and normal samples as r21 = sd2/sd1, where sd2 is the sd of
the cancer samples. We evaluated the Type I error and power
of the six tests under different scenarios: (1) Type I error
scenario (
 = 0, r21 = 1): distributions of normal and cancer
samples are the same; (2) Power scenario I (
 = 0.6, r21 = 1):
distributions of cancer and normal samples are different
in means only; (3) Power scenario II (
 = 0, r21 = 0.7) or
(
 = 0, r21 = 0.9): distributions of cancer and normal sam-
ples are different in sds only; and (4) Power scenario III
(
 = 0.3, r21 = 0.8) or (
 = 0.2, r21 = 0.9): distributions of
cancer and normal samples are different in both means and
SDs. We conducted 5, 000 simulations for each scenario.

Table 1 summarizes the Type I error and power of the rel-
atively large sample case for the six tests considered when
methylation β-values were generated based on the beta dis-
tribution (model 1). All tests except the Wald test using the

Table 1. The type I error (×100) and power (×100) for the six
tests considered at 5%, 1%, 0.5%, and 0.1% significance levels
when methylation β-values were generated based on the beta
distribution (model 1). The numbers of cancer and normal samples
are (100, 100)

(
, r21) Level (%) TW TS TL ELRT Logistic t-test

(0, 1) 5 4.6 4.7 5.1 5.3 3.7 5.4
1 1.0 0.7 0.8 1.0 0.5 1.1
0.5 0.5 0.4 0.5 0.6 0.3 0.5
0.1 0.1 0.1 0.1 0.1 0.0 0.1

(0.6, 1) 5 97.0 97.1 97.2 97.3 96.6 98.5
1 89.3 90.2 90.7 91.2 88.6 94.2
0.5 84.1 85.8 86.7 87.5 82.6 91.2
0.1 68.3 72.6 73.8 75.7 64.7 81.5

(0, 0.7) 5 85.8 88.6 90.2 90.5 84.8 5.1
1 63.4 67.4 73.8 75.1 55.7 1.3
0.5 51.0 56.4 65.0 66.3 41.2 0.7
0.1 27.4 31.5 44.4 46.8 15.8 0.1

(0.3, 0.8) 5 72.7 74.8 76.3 77.1 70.2 65.0
1 44.2 48.0 52.4 53.7 38.7 39.8
0.5 34.0 37.1 42.2 43.9 27.7 31.1
0.1 15.6 18.9 23.9 26.0 9.8 16.2
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Table 2. The type I error (×100) and power (×100) for the six
tests considered at 5%, 1%, 0.5%, and 0.1% significance levels
when methylation β-values were generated based on the normal
distribution (model 2). The numbers of cancer and normal samples
are (100, 100)

(
, r21) Level (%) TW TS TL ELRT Logistic t-test

(0, 1) 5 5.0 4.9 5.5 5.7 3.7 5.1
1 0.8 0.8 1.0 1.1 0.4 1.0
0.5 0.4 0.4 0.5 0.6 0.2 0.5
0.1 0.1 0.1 0.1 0.1 0.0 0.1

(0.6, 1) 5 96.7 96.9 97.1 97.2 96.6 98.7
1 88.2 89.2 89.6 90.2 87.3 94.8
0.5 82.6 84.0 84.7 85.7 81.1 91.9
0.1 65.9 69.2 70.5 72.9 63.0 80.9

(0, 0.7) 5 86.1 88.0 89.9 90.2 83.8 5.1
1 61.5 65.5 71.9 73.6 53.0 1.0
0.5 49.8 53.9 62.9 64.5 38.9 0.4
0.1 26.6 29.1 42.0 44.8 13.5 0.2

(0.3, 0.8) 5 78.9 80.6 82.3 82.8 77.5 64.4
1 52.6 56.6 61.1 63.0 47.0 40.3
0.5 41.0 45.7 51.4 53.2 34.7 31.6
0.1 20.3 24.6 31.4 33.9 12.9 16.3

logistic regression (Logistic) control the Type I errors well
at all nominal levels. Although the true distribution of the
methylation values is not normal, the rejection rates of the t-
test under Type I error scenario are very close to the nominal
levels, suggesting that the t-test is quite robust for this beta
distribution setting. When the distributions of two groups
are different in means only and differ by 0.6 SD, the t-test
has about 4% to 22% more power than the other five tests,
whereas the other five tests have a similar power (except for
the Logistic test which has 15% less power than TL at the
lower nominal level of 0.1%). This is because the t-test has
one degree of freedom whereas the other five tests have two
degrees of freedom. When the two distributions are differ-
ent in SDs only, TL and ELRT are the most powerful tests.
Note that the t-test has essentially no power beyond Type I
errors in this scenario because it can only detect differences
in means, not in SDs. When both means and SDs are dif-
ferent, TL and ELRT remain to be the most powerful tests
among the six tests, and the t-test is grossly underpowered.
Table 2 and Table 3 summarize the results when methylation
β-values were generated based on the normal distribution
(model 2) and the mixture of normal distributions (model
3), respectively. Similar findings were observed as in the beta
distribution setting. If we compare the performance of dif-
ferent tests under the Power scenario I across Tables 1, 3, we
found that the superiority of the t-test over the proposed tests
depends on the underlying true distributions. When the true
distribution is beta or normal, the t-test has 4% to 22% more
power. While when the true distribution is the mixture of
two normal distributions, the t-test has similar power as the
other tests.

To evaluate the robustness of the proposed tests to model
mis-specification, we conducted additional simulation stud-
ies. We generated data from t distributions, which do not
satisfy the exponential tilt model assumption described in
equation (1). For the normal samples, a t distribution with 3
degrees of freedom with mean 0 and variance of 3 was chosen,

Table 3. The type I error (×100) and power (×100) for the six
tests considered at 5%, 1%, 0.5%, and 0.1% significance levels
when methylation β-values were generated based on the mixture
of two normal distributions (model 3). The numbers of cancer and
normal samples are (100, 100)

(
, r21) Level (%) TW TS TL ELRT Logistic t-test

(0, 1) 5 4.9 4.9 5.0 5.2 4.6 5.0
1 0.9 0.9 0.9 1.1 0.7 1.0
0.5 0.5 0.5 0.5 0.6 0.4 0.5
0.1 0.1 0.1 0.1 0.2 0.1 0.2

(0.6, 1) 5 99.2 98.5 98.5 98.6 98.4 98.2
1 96.4 93.6 93.6 94.1 93.0 93.4
0.5 94.6 90.6 90.5 91.3 89.2 90.2
0.1 88.3 78.9 78.5 80.6 75.7 79.5

(0, 0.9) 5 59.6 60.1 60.6 61.6 58.4 5.3
1 33.5 34.7 35.4 36.8 31.1 1.3
0.5 24.3 25.6 26.6 28.0 22.5 0.7
0.1 11.0 12.4 13.1 14.6 9.3 0.1

(0.2, 0.9) 5 90.2 89.4 89.7 90.1 88.4 32.2
1 74.0 72.2 72.7 74.1 69.1 13.3
0.5 64.8 63.4 64.3 66.1 59.0 9.0
0.1 44.1 42.5 44.0 47.0 36.0 3.5

Table 4. The type I error (×100) and power (×100) for the six
tests considered at 5%, 1%, 0.5%, and 0.1% significance levels
when methylation β-values were generated based on the
t-distribution (mis-specification model). The numbers of cancer
and normal samples are (100, 100)

(
, r21) Level (%) TW TS TL ELRT Logistic t-test

(0, 1) 5 5.8 3.7 6.0 6.2 2.3 4.4
1 1.1 0.4 1.3 1.5 0.2 1.0
0.5 0.5 0.2 0.6 0.7 0.1 0.6
0.1 0.1 0.0 0.1 0.1 0.0 0.1

(0, 0.6) 5 50.0 31.9 58.7 59.7 25.2 4.8
1 18.5 7.5 29.7 31.2 4.6 1.0
0.5 11.1 3.6 20.5 22.0 1.8 0.5
0.1 2.7 0.6 7.7 8.7 0.2 0.1

(0.5, 1) 5 87.1 92.7 94.0 94.2 91.2 93.1
1 68.1 78.9 83.1 84.0 74.1 82.1
0.5 58.6 71.4 77.1 78.4 65.1 75.5
0.1 38.5 51.0 59.4 62.2 40.9 57.6

(0.2, 0.6) 5 75.1 68.3 83.8 84.3 65.2 43.1
1 43.0 35.6 61.5 63.1 29.3 21.6
0.5 30.8 25.0 51.5 53.3 18.9 15.8
0.1 11.8 9.4 29.9 32.6 5.5 6.5

and the non-centrality parameter was set at 0. For the cancer
group, different degrees of freedom, mean, variance and non-
centrality parameters were chosen, so that the distributions
of methylation values in cancer group and normal group are
identical, different in means only, different in SDs only, or
different in both means and SDs, respectively. The results
on Type I errors and power under model mis-specifications
when sample size is 100 in each group are shown in Table 4.
We can see that TW, TS , TL , and ELRT tests control the Type I
errors well at all nominal levels, suggesting a certain degree of
model robustness to distributions with heavier tails. TL and
ELRT tests are still the most powerful tests among the six.
Similar patterns were observed for the t-test as in previous
three parametric models.

We also conducted simulation studies when sample size is
moderate (50, 50). The results are included in the supple-
mentary materials due to limited space. We noticed that the

46 Genetic Epidemiology, Vol. 38, No. 1, 42–50, 2014



Table 5. The type I error (×100) for the six tests considered at
5%, 1%, 0.5%, and 0.1% significance levels when methylation
β-values were generated based on models 1-3 (upper panel:
under no mis-specification scenarios), and t-distribution (lower
panel: under mis-specification scenario). The numbers of cancer
and normal samples are (20, 20)

Model Level (%) TW TS TL ELRT Logistic t-test

Under no mis-specification scenarios
Beta 5 7.3 4.0 5.8 7.2 1.5 4.7

1 1.4 0.5 1.2 1.9 0.0 1.0
0.5 0.5 0.2 0.5 1.1 0.0 0.6
0.1 0.1 0.0 0.1 0.3 0.0 0.1

Normal 5 7.3 4.1 5.9 7.6 1.4 5.4
1 1.5 0.6 1.1 1.8 0.0 1.2
0.5 0.7 0.1 0.5 1.0 0.0 0.6
0.1 0.1 0.0 0.1 0.2 0.0 0.1

Mixture 5 6.3 4.7 4.9 6.2 2.9 5.5
1 1.0 0.6 0.9 1.7 0.2 1.2
0.5 0.5 0.3 0.4 0.7 0.1 0.5
0.1 0.1 0.1 0.1 0.1 0.0 0.1

Under mis-specification scenario
t-distribution 5 8.4 2.9 6.9 8.6 0.8 4.7

1 1.8 0.3 1.1 1.9 0.0 0.9
0.5 0.9 0.1 0.5 1.1 0.0 0.5
0.1 0.2 0.0 0.1 0.3 0.0 0.1

results on Type I errors and power when sample size is mod-
erate are similar to those when sample size is large. That is,
the t-test has more power than the other five tests when the
two groups are different in means only, while TL and ELRT
are the most powerful tests when the two distributions are
different in sd only. All six tests maintain Type I errors well.

Table 5 summarizes the rejection rates under the Type I
error scenario when sample size is small. The upper panel of
Table 5 reports the results under no mis-specification scenar-
ios. The power results were included in the supplementary
material due to limited space. The test TL and the t-test main-
tain the correct empirical Type I errors while the tests TW and
ELRT have inflated Type I errors. The test TS has relatively
conservative Type I errors while the Wald test using logis-
tic regression (Logistic) has very conservative Type I errors
and is hence not recommended when sample sizes are small.
Under model mis-specification scenario, TL and TS tests still
maintain the Type I errors well.

We also considered an unbalanced design when there are
10 cancer samples and 30 normal samples. The results are
similar to the balanced design when sample sizes are (20, 20)
and are included in the supplementary material. We note
that the power of TW, TS and TL under sample size (10, 30) is
lower than that under sample size (20, 20). This agrees with
the results in Theorem 2 that implies that a balanced design
has higher power than an unbalanced design given the same
total number of samples.

In summary, our simulation studies suggest that both the
pseudolikelihood ratio test (TL ) and the empirical likelihood
ratio test (ELRT) perform well compared to the t-test and
logistic regression with well controlled Type I errors and im-
proved power when two groups differ in variances only, or
in both means and variances and when sample sizes are rel-
atively large. The test TL shows some degree of robustness
under model mis-specifications. Moreover, the test TL is rec-

ommended when the sample sizes are relatively small for a
better controlled Type I error.

Real Data Application

We applied the proposed tests to the data from the United
Kingdom Ovarian Cancer Population Study (UKOPS) to se-
lect differentially methylated loci between ovarian cancer
cases and age-matched healthy controls using Illumina In-
finium Human Methylation27 Beadchip [Teschendorff et al.,
2010]. The original data have 266 ovarian cancer cases with
131 pretreatment cases and 135 posttreatment cases, and 274
age-matched healthy controls. Since age and having received
treatment or not when blood samples were taken are known
factors to affect DNA methylation levels, we chose to use a
more homogenous population with 131 ovarian cancer cases
who gave their blood at the time of their diagnosis prior to
treatment and with age-matched controls to illustrate the
feasibility and power of the proposed method. We have pre-
viously worked on this data set thus we refer readers to Wang
[2011] for the detailed quality control steps. We ended up
with 96 cancer samples and 136 normal samples with methy-
lation β-values on 22, 951 loci. Since our simulation studies
have suggested that the pseudolikelihood ratio test (TL ) and
the empirical likelihood ratio test (ELRT) have similar power
and Type I errors but better power than the other proposed
tests when sample size is relatively large. We therefore focused
on the comparison between the pseudolikelihood ratio test
(TL ) and the t-test in this real data application. We also only
focused on the original methylation β-values instead of the
logit transformed ones. We adjusted for multiple compar-
isons using Q-values [Storey and Tibshirani, 2003].

Of the total 22, 951 loci tested, 2, 691 loci have q-values <

0.05 using the TL test and 2, 699 loci have q-values < 0.05
using the t-test. Among those, there are overlapping 2, 324
loci that have q-values < 0.05 using both methods. We further
examined the 367 loci that were identified by the TL test but
not by the t-test to see if those are the loci that differ mostly
in variances but not means between the cancer and normal
groups, and 375 loci that were identified by the t-test but not
by the TL test to see if those are the loci that differ mostly
in means but not variances between the cancer and normal
groups.

The upper left panel of Figure 1 displays the distribution
of 
 and r21 for the 367 loci that were identified by the TL

test but not the t-test. The upper right panel of Figure 1
displays the distribution of 
 and r21 for the 375 loci that
were identified by the t-test but not the TL test. The lower
panel of Figure 1 displays the distribution of 
 and r21 for
the 2, 324 overlapping loci that were identified by both the
TL test and the t-test.

It is clear that these loci that were identified by the TL

test only but not the t-test have more significant variance
differences than mean differences between the cancer and
normal groups, scenarios the proposed tests are designed
for. In contrast, those loci that were identified by the t-test
only have more significant mean differences than variance

Genetic Epidemiology, Vol. 38, No. 1, 42–50, 2014 47



Figure 1. Upper left panel: distribution of � and r21 for the 367 loci that were identified by the TL test but not the t-test; Upper right panel:
distribution of � and r21 for the 375 loci that were identified by the t-test but not the TL test; Lower panel: distribution of � and r21 for the 2, 324
overlapping loci that were identified by both the TL test and the t-test.

differences between the cancer and normal groups in general.
For the overlapping 2, 324 loci that were identified by both
the TL test and the t-test, the majority have much larger
differences in means than the loci in the above two categories.
Thus these loci are relatively easier to be identified by either
methods focusing on mean differences or methods focusing
on differences in both means and variances. Moreover, for
those loci that have relatively small mean differences (but still
have larger mean differences than loci that were identified by
TL test only), they have large differences in variance in general.
Thus TL test is able to identify them although simulation
studies suggested a slightly lower power for TL test in such
scenarios than the t-test.

In summary, the proposed test TL has identified additional
loci of potential interest that were missed by the standard t-

test. We also compared the loci identified by ELRT with those
by the t-test and the results are displayed in Supporting In-
formation Fig. S1. A similar pattern was observed in that the
loci identified by ELRT only but not the t-test have more sig-
nificant variance differences than mean differences, while the
loci identified by the t-test only have more significant mean
differences. In addition, we compared the loci identified by
TL with those by ELRT (Supporting Information Fig. S2),
where the majority overlapped (2,592 loci were identified by
both TL and ELRT, i.e., 96% of the total 2,702 loci identified
by either TL or ELRT). There were 11 loci identified by ELRT
but not TL , and 99 loci identified by TL but not ELRT. These
loci share similar patterns in mean and variance differences
between the cancer and the normal groups except for two
loci “cg04498032” and “cg06866862” that were identified by
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ELRT but not TL (upper left panel of Supporting Informa-
tion Fig. S2). Note that the q-values based on TL at these two
loci are 0.056 and 0.054, respectively, which are very close to
the significance level of 0.05. Thus, the real data application
results agree with the simulation results that the performance
of TL and ELRT are very similar when sample sizes are rel-
atively large. In conclusion, the proposed tests can serve as
useful complements of the standard tests.

Discussion

DNA methylation plays an important role in the devel-
opment of many types of cancer. Identifying differentially
methylated loci between cancer and normal patients is one
of the central tasks to understand the contributions of the
methylation process on cancer development. Several recent
studies and our own group have noticed that methylation
values in different groups could differ not only in means but
also in variations [Gervin et al., 2011; Hansen et al., 2011].
Current methods do not fully take these features into ac-
count. One solution might be to conduct a standard mean
test (e.g., the t-test) and a standard variance test (e.g., the
Levene’s test, Levene [1961]) at each marker. However, cor-
rection has to be made to account for multiple testing, which
may lead to a sizable loss of power in detecting differential
methylation. Therefore, to propose a new test that captures
differences in both means and variances is necessary. Recently,
Ahn and Wang [2013] proposed a generalized linear model
that simultaneously tests differences in means and variance
of methylation levels between cases and controls where they
used a joint score test for both mean and variance to improve
statistical efficiency. Here we proposed a generalized expo-
nential tilt model that compared the two distributions to
better account for the special features observed in the methy-
lation measurements. We derived the semiparametric tests
to obtain model robustness. Through simulation studies, we
demonstrated the feasibility and power of the proposed tests.
The proposed tests are much more powerful than the existing
methods such as the t-test and the regression-based test when
the cancer and normal groups are different in variances only
or in both means and variances. When the cancer and nor-
mal groups are differ in means only, the t-test is marginally
more powerful than the proposed tests. Thus, we believe the
proposed class of tests are nice complements to the existing
ones.

We introduced two parameters β1 and β2 in this paper to
capture the differences in means and variances between the
normal and cancer groups. An extension to a generalized ex-
ponential tilt model with more than two parameters could
be made to capture the higher order differences (such as kur-
tosis) between the normal and cancer groups [Teschendorff
et al., 2006]. However, the corresponding tests will have more
degrees of freedom, leading to a potential power loss. Thus,
we consider the current model with two parameters a parsi-
monious model that captures the major differences between
two groups, that is, the differences in means and variances.
Note that the functions h1(·) and h2(·) have to be speci-
fied in the proposed tests. The effect of mis-specifying these

functions on empirical likelihood-based estimation has been
considered by Fokianos and Kaimi [2006]. We are currently
investigating the effect of mis-specification on the Type I er-
rors and power of the proposed pseudolikelihood-based tests
and developing testing procedures that are robust to such
mis-specification. The results will be reported in the future.
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